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BERTRAM YOOD / such that (1) 7r(G) is a multiplicative group and (2) 
Let
This is known [1, 15] to be defined (finite) for the inverse image under π of the set of regular elements of S(X)-Sΐ(X). Atkinson [l] has shown that the equation f (TU) = f {T) + f (U) is satisfied. In § 5 this is obtained as an application of the theory of functionals on an abstract semi-group. These considerations lead in § 6 to a detailed study of the relation of the sets in ® (X ) of elements with a one-sided or two-sided inverse to the corresponding sets, Banach algebra. Let π be the canonical homomorphism of C? (X) into ©(36) -S(X). Let ^ be the radical of (S(X)-S(X) [7, p. 476] , and let 32 (X) be any closed two-sided ideal of S(X) contained in TΓΉ^I) anc^ containing f?(X).
Let τ be the canonical homomorphism of 6 (X) onto ( §(X)-3S(X).
LEMMA. ΓGS(X) has a left (right) inverse modulo 5£(36) if and only if T has a left {right) inverse modulo H (X ).
Proof. Suppose that T has a left inverse modulo 552(36). Thus there exists t/G®(X), FGS(X) such that ί/Γ = /+ F. Now FGτ7" ι (^) SO that / + F has a two-sided inverse W modulo S ( 36 ). Hence WU is the desired left inverse of T modulo ®(X).
It may be noted that since ^ is closed in ®(X)-®(X) then π" i {^> ί ) is a closed two-sided ideal in © (X ).
LEMMA. ΓGS(X) Aαs ίλe properties that T (X) is closed and its null-space is finite-dimensional if and only if T takes each bounded set which
is not conditionally compact onto a set which is not conditionally compact. continuity which seems to be new (for sufficiency) even in the Hubert space case.
A generalized Schauder nullity theorem.
We give here the result (Theorem 4.5) discussed in § 1. The preliminary material, it is felt, is of independent interest and is presented in greater generality than is absolutely necessary for our purposes.
We adopt the following notation. B is a ring with an identity element e. G is the set of regular elements of B (the elements with a two-sided inverse). For each subgroup G o of G let 3(G 0 ) be the set of "invariant translations" of
In the ring B we consider along with the usual algebraic operations also the "circle operation''
For information on this operation see [7, Chapter 22] . It is evident that G o n 3 (G o ) is empty.
THEOREM. For any subgroup G o of G 9 3(G 0 ) is a subring of B which is a group under the circle operation. Conversely if R is a subring of B which is a group under the circle operation then there exists a subgroup G o of G such that R = 3 (G o ). If B is a Banach algebra then 3 (G) is the radical of B.
Proof. It is clear that if x G 3 (G o ) then so does -x. Thus if x x and x 2 lie in 3 (G o ), and γ G G o , then both
Similarly xγ G 3 (G o ). Since γ + x { x 2 = (y +*i) (e + % 2 ) + yx 2 -*ι it follows from the above that
is a subring of B.
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To see that 3(G 0 ) is a group under the circle operation note first that for There exists z E R such that 
Functionals on semi-groups. Atkinson [l] has shown that on ξ> the equation

f{TU)=f(T)+f(U)
is valid. By an entirely different analysis we show how such functionals can be obtained in a semi-group and tfyen apply the results to 'ίo.
NOTATION. Let S be any semi-group, the product of two elements
x $ y in S being denoted by xy. Let g and g* be real-valued functions defined on 5, where
for all x l9 x 2 in S. Let 
Formula (2) is valid on S if (a) holds and
BERTRAM YOOD (c t ) for each x G S + there exists γ G S such that xγ G 5. $ ( c 2 ) for each xGS. there exists y G S such that yx G S + .
Proof. We remark that (a) is a necessary condition for (2) since, from (2),
From (1) we obtain or
Now suppose that (a) holds. Then
To show (4) we may assume that Then (4) follows from (3). For (5) we may assume that
and again use (3). In the last situation, (3) yields
Next we observe that (c t ) and (c 2 ) cannot both be false. If, for example, (c t ) is false then for some x γ G S + we have x ί γ G S + for all y ES, which yields (c 2 ).
Suppose now that (a) and (c 2 ) hold. We show that (2) 
) = h{w) + h(xιx 2 ).
A combination of (7), (8), and (9) yields (2).
Suppose next that (a) and (c t ) hold. Entirely analogous arguments using (4 ) in place of ( 5) show that (2 ) 
< h(xγ n ) = h(x) + nh(y).
This is impossible if n is chosen sufficiently large. Thus (c t ) holds. Similarly (c 2 ) holds.
To conclude the proof we show that (a), {c ί ), and (c 2 ) imply (2). By the above our assumptions give the validity of (2) Supposing that WES+, we obtain ( 7), (8), and ( 9), which again yield ( 2) for x i9 x 2 .
We return to ® (X) and start with the following simple result:
5.3. LEMMA. Let Tι E S(X) {i = 1, 2) have finite nullity. Then show that Theorem 5.2 may be applied to give the first conclusion. The second conclusion is an immediate consequence.
Following ideas of Mackey [ 10, p. 171] we shall say that the Banach space X is stable if there exists a continuous isomorphism of X onto a closed subspace X t of deficiency one. We say that X is stable-like if there exists a continuous isomorphism of X onto a closed subspace Xj _ of finite deficiency.
THEOREM. The functional f is non-trivial if and only if X is stablelike.
Proof. If X is stable-like, consider the isomorphism T of X onto Xi of deficiency n. Then nul ( T ) = n and nul ( T) = 0, so that / (T) = n.
Suppose that / is non-trivial. Then there exists T£^ such that / (T) £ 0.
Since T has a two-sided inverse V modulo £5 (X ), and / (V') = -/(T) by Corol- is pursued a bit further in Theorem 6.7 and 6.9.
If X is finite-dimensional then (10) can be replaced by the more specific rule, known as Sylvester's law of nullity [9, p. 11] which states that
We show that the validity of Sylvester's rule for all Γj G' § where X is infinitedimensional implies that X is not stable-like. For suppose otherwise. Consider
Then by [ 14 In references cited in the proof of Lemma 6.3, dual results exist to those used in 6.3 which enable one to conduct the proof in the same way. (1) X is not stable-like; (2) ' §=' § 0 ; (3) τr(@) = ® 1 .
Proof. The equivalence of (1) and (2) 
